Abstract: Exceptional theories are a group of one-parameter scalar field theories with (enhanced) vanishing soft limits in the S-matrix elements. They include the nonlinear sigma model (NLSM), Dirac-Born-Infeld scalars and the special Galileon theory. The soft behavior results from the shift symmetry underlying these theories, which leads to Ward identities generating subleading single soft theorems as well as novel Berends-Giele recursion relations. Such an approach was first applied to NLSM in Refs. [1, 2] , and here we use it to systematically study other exceptional scalar field theories. In particular, using the subleading single soft theorem for the special Galileon we identify the Feynman vertices of the corresponding extended theory, which was first discovered using the Cachazo-He-Yuan representation of scattering amplitudes. Furthermore, we present a Lagrangian for the extended theory of the special Galileon, which has a rich particle content involving biadjoint scalars, NambuGoldstone bosons and Galileons, as well as additional flavor structure.
Introduction
There is a long history of research on the infrared structure of scattering amplitudes [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] . The results are mainly expressed in terms of "soft theorems", which describe the asymptotic behavior of scattering amplitudes when the momentum of one or several external legs approaches zero. Prominent examples include soft theorems for gauge theory and gravity [5, 8] , as well as the Adler's zero condition for Nambu-Goldstone (NG) bosons [11] .
Recently there is renewed interest in studying the infrared structure of scattering amplitudes [13] [14] [15] [16] . New soft theorems for a higher order of soft momenta in gauge theory and gravity were discovered [17, 18] , which sparked many new analyses (see, e.g. Ref. [19] and various references therein). The soft theorems of gauge theory and gravity have long been associated with gauge invariance in the theory, and it is recently realized that more specifically, they are the manifestation of large gauge transformation that does not fall off at infinity [19, 20] . Much of the recent work focuses on analyzing the interplay between this kind of asymptotic symmetry and the soft behavior of scattering amplitudes.
The story is slightly different for scalar effective field theories (EFTs). It was recognized early on that the Adler's zero for NG bosons (NGBs) is a consequence of the spontaneously broken symmetry [11, [21] [22] [23] , which manifests as shift symmetry for the NGBs. On the other hand, there were also early attempts which used the soft behavior of the amplitudes as the defining property of the scalars, and tried to construct the Lagrangian for the whole theory and recover the broken symmetries [24, 25] . This idea has been fully realized in Refs. [26, 27] , where on-shell recursion relations constrained by soft behavior of scattering amplitudes were used to build up all tree-level S-matrix elements. Although different recursion relations for nonlinear sigma model (NLSM) were already proposed in Refs. [28, 29] , the soft behavior of scattering amplitudes becomes explicit in recursion relations given by Ref. [26] .
Moreover, apart from the well-studied NLSM, other theories with non-trivial soft behavior have been discovered, including the Dirac-Born-Infeld (DBI) scalars and the special Galileon (sGal) theory [30, 31] , which is a special case of the Galileon theory (Gal) [32] . The on-shell amplitudes of these theories possess "enhanced" Adler's zero. To be concrete, when we take an external momentum q of an on-shell amplitude to be soft, we replace q µ with τ q µ and take the limit of τ → 0. Then enhanced Adler's zero means that the leading term in the single soft limit of the scattering amplitude is at O(τ s ) with s > 1. As the soft degree s in these theories are also larger than what the naive power counting of derivatives in the Lagrangian would give, they were called "exceptional theories" in Refs. [27, 30] . As for special Galileon, the shift symmetry that protects the soft behavior was discovered [31] after the enhanced soft behavior was identified, and the relation between the internal symmetry and enhanced soft behavior was further clarified in Refs. [27, 33] .
A different line of research utilized the newly developed tool of Cachazo-He-Yuan (CHY) representation of scattering amplitudes [34] [35] [36] [37] . Exceptional scalar EFTs of one parameters, including NLSM, DBI and special Galileon, arise naturally in the CHY formalism for different reasons [37] . Apart from the Adler's zero in the leading order soft limit as well as new double soft limits [38] , subleading single soft results for NLSM and special Galileon were also derived [39] , where new "extended theories" of different kinds of scalars interacting with each other emerge. These mixed theories had not been studied before, and only the CHY representation of the amplitudes in these theories were given. A recursion relation for NLSM different from Ref. [26] was also constructed, where the scattering amplitudes of the extended theory and NLSM are intertwined.
The soft limit of scalar EFTs has also been studied using traditional quantum field theory methods [40] [41] [42] . In particular, in Refs. [1, 2, 43, 44 ] the Adler's zero in NLSM is again imposed as a defining property for the scalar EFT. However, instead of on-shell recursion relations, the Lagrangian and the complete form of the shift symmetry are directly generated, and a Ward identity for correlation functions naturally arises. The Ward identity gives rise to new recursion relations for semi-on-shell amplitudes, so that not only the Adler's zero becomes manifest, the subleading soft limit for NLSM can also be derived straightforwardly. The corresponding amplitudes and Feynman rules of the extended theory in Ref. [39] were easily identified, which shed new light on the origin and property of the interaction between different scalars in the extended theory.
In this work we adopt a similar approach. We consider exceptional theories with enhanced soft behaviors, including DBI and special Galileon. As the shift symmetry corresponding to the enhanced Adler's zero in these theories have already been identified, we directly use them to generate Ward identities. Apart from showing explicitly that the leading soft behavior in these theories is directly connected to the Ward identity of the shift symmetry, we are also able to provide new recursion relations and subleading single soft theorems of these theories. For the case of special Galileon, we also identify the amplitudes of the extended theory discovered in Ref. [39] in the subleading single soft limit, and we provide Feynman rules for the extended theory. We also identify the Lagrangian that generates Feynman rules of the extended theory, which leads to many open questions.
The paper is organized as follows. We present the Ward identity and subleading single soft limit of scalar EFTs in Section 2. We start with a brief review of results in Ref. [1, 2] on NLSM, then approach the cases of DBI, ordinary Galileon and special Galileon, providing new recursion relations as well as subleading single soft theorems. In Section 3 we study the amplitudes of the extended theories, by first discussing what we learn from the NLSM case, and then identifying the amplitudes and Feynman rules of the extended theory in the soft limit of special Galileon. We then proceed to propose the Lagrangian of the extended theory. We conclude and discuss the outlook in Section 4. We also include four appendices: Appendix A presents properties of the Galileon Lagrangian, which are used to derive the results of (special) Galileon theory, while Appendix B discusses details of NLSM including flavor-ordering and parameterization. A necessary review of the CHY formulae is presented in Appendix C, and detailed derivation of Feynman vertices in the extension of special Galileon theory is presented in Appendix D.
The Ward identity and the subleading single soft limit
It has long been recognized that the Adler's zero in scattering amplitudes of NGBs can be derived from current conservation corresponding to the nonlinear shift symmetry. The textbook example [45] is that given a scalar π(x) in a theory with the shift symmetry, namely the invariance under the transformation π(x) → π(x) + ε, (2.1) where ε is a constant, one can associate a Noether current J µ (x) with the symmetry. The current contains a one-particle pole:
where f is a coupling constant similar to the pion decay constant in the QCD chiral Lagrangian. Current conservation corresponding to the shift symmetry leads to the Ward identity:
for general on-shell initial and final states i and f . After Fourier transforming J µ (x) toJ µ (p) and singling out the one-particle contribution, the equation above becomes 4) where the remainder function R µ (p) is the matrix element ofJ µ (p) with the one particle pole removed, thus lim p→0 p 2 R µ (p) = 0. To prove the Adler's zero condition, we need a stronger regularity condition for R µ (p), namely lim p→0 p ν R µ (p) = 0, which can be ensured if there is no cubic vertex in the theory. Then we have
which is the Adler's zero for on-shell amplitudes. The discussion above can be generalized to scalars with flavor, e.g. in NLSM, or enhanced soft limit, e.g. in DBI, ordinary Galileon and special Galileon. The case for general enhanced Adler's zero has been discussed in [27] . It is also clear from our discussion that to get the next leading order soft theorem, one simply needs to calculate the remainder function R µ (p) to the lowest order in p. In the following sections we will realize this idea for NLSM, DBI, ordinary Galileon and special Galileon.
Nonlinear Sigma Model
In the modern formulation of NLSM by Coleman, Callan, Wess and Zumino (CCWZ) [46, 47] , the scalars are NGBs parameterizing a coset space G/H. The spontaneously broken group G contains the unbroken subgroup H, so that the generators of G are divided into two classes: the "unbroken generators" T i of the subgroup H, and the "broken generators" X a associated with the coset G/H. For the global internal symmetry G, each generator X a corresponds to an NGB π a , and the knowledge of both the unbroken and broken generators is mandatory to construct the NLSM Lagrangian. In other words, the CCWZ formalism relies on the coset space G/H, so that it is not enough to know the unbroken symmetry in the infrared to construct the Lagrangian: for a different G, the Lagrangian is seemingly different even if H is the same.
As we will see shortly, to compute the function R µ in Eq. (2.4) requires a complete knowledge of the shift symmetry. For NLSM, the Lagrangian is invariant under the transformation [43] 6) where ε a are arbitrary constants, and
is a function containing the field π a (x). Early on NLSM is mainly studied using current algebraic techniques [21] , which makes it hard to calculate F 1 beyond the leading order in 1/f 2 . Another obstacle is related to the fact that in the CCWZ formalism, the theory seems to depend on the broken group G. For example, in Ref. [25] the relation between F 1 and the form of Lagrangian is established for the simple case of H = SU (2), but the relation seems different for three different possible G, namely G = SU (2) × SU (2), E(3) or SO (3, 1) .
It is realized recently in Refs. [43, 44] that in contrast to what the traditional CCWZ formalism may imply, the nonlinearity in NLSM can be completely fixed by the infrared information, including the unbroken group H and the soft behavior of the scattering amplitudes, i.e. Adler's zero condition. Choosing a basis where the generators of H are purely imaginary and antisymmetric, the Lagrangian at the two derivative level can be completely fixed to be 1
where
From the form of F 2 we know that the Lagrangian in Eq. (2.7) does not depend on broken generators X, therefore its nonlinearity is independent of the coset. The only dependence on the coset G/H is contained in the normalization of the NGB field π a , i.e. the coupling constant f . For example, the three cases in Ref. [25] for G = SU (2) × SU (2), E(3) and SO(3, 1) correspond to 1/f 2 > 0, = 0 and < 0, respectively. By the same argument, the nonlinear shift in Eq. (2.6) should have a form independent of G/H as well. The function F 1 is found to be [1, 2] 
Now we are ready to use the Lagrangian in Eq. (2.7) to calculate the Ward identity associated with the shift symmetry. First, we promote the global shift to a local one: ε a → ε a (x). As the Lagrangian is invariant under the shift symmetry, all the terms in the shifted Lagrangian L that are linear in ε will vanish, so that to the leading order in ε a ,
Classically, the action does not change when we have a small variation of the field due to the equation of motion, thus the change in action is
which leads to conservation of current: ∂ µ J a µ = 0, with
Suppose the conservation of current survives quantization, 2 we arrive at the Ward identity
Both of the functions F 1 and F 3 contain information of the shift, making it clear that we need the complete form of the shift to derive the Ward identity. We see explicitly in Eq. (2.13) that the current J a µ contains a one-particle pole, as well as terms of higher orders in 1/f 2 that will contribute to the remainder function.
To turn the Ward identity into a relation for on-shell amplitudes, we perform the LehmannSymanzik-Zimmermann (LSZ) reduction by integrating both sides of Eq. (2.14) using 15) where the d'Alembertian i acting on coordinate x i will eliminate the one particle pole 1/p 2 i on the left hand side (LHS) of Eq. (2.14), and each term on the right hand side (RHS) of Eq. (2.14) readily vanishes as the one particle pole of π ar (x r ) is missing. The Fourier transformation on x imposes the momentum conservation condition q = − n i=1 p i . The Ward identity then becomes
The LHS of Eq. (2.16) comes from the matrix element of the one particle pole in J a µ , where
is the so-called "semi-on-shell amplitude", in which the legs with flavor indices a i and momenta p i are on-shell, with an additional off-shell leg of index a and momentum − n i=1 p i = q. The remaining part of J a µ without the one particle pole leads to the RHS of Eq. (2.16). Taking the on-shell limit, we arrive at 18) with the remainder function
It is clear that Eq. (2.18) is a generalization of Eq. (2.4). The integrand in Eq. (2.19) can be seen as new (2k + 1)-pt vertices with momentum insertion q, so that there is no danger of developing a pole when q → 0, and the regularity condition lim q→0 q · R = 0 holds. Therefore, Eq. (2.18) gives us Adler's zero condition, and taking the soft limit of q, the subleading single soft theorem is simply 20) which is valid at quantum level. 3 Note that when q = 0, the new vertices in Eq. (2.19) receive no momentum injection and become "normal" vertices, so that interpreting the leading term in Eq. (2.20) as on-shell amplitudes becomes possible. At tree level, the semi-on-shell amplitudes like the one in Eq. (2.16) are useful for constructing recursion relations, and they were first proposed by Berends and Giele to study Yang-Mills theories [49] . Eq. (2.16) leads to a novel Berends-Giele type recursion relation [1, 2] , where the RHS becomes semi-on-shell sub-amplitudes connected by the aforementioned new vertices. We will see in the following that such a Berends-Giele recursion relation is a common byproduct of the Ward identity, and in contrast to relations purely derived using Feynman rules, such as the one in Ref. [29] , the new vertices are proportional to s powers of the off-shell momentum q, making it very easy to identify the soft behavior of on-shell amplitudes. Here in NLSM we have s = 1, while the Ward identities corresponding to enhanced shift symmetry in DBI, ordinary Galileon and special Galileon will generate vertices with s > 1, enabling us to identify the enhanced Adler's zero.
Dirac-Born-Infeld Scalars
The DBI action [50] can be obtained by dimensional reduction from the Born-Infeld action [51] , which describes a non-linear generalization of Maxwell theory, and can arise from string theory. For a single flavor of scalar π, the DBI Lagrangian becomes
We will work in 4 dimensions so that d = 4, although our methods can be easily extended to a general d. As there is explicitly a derivative acting on each of the π in Eq. (2.21), the Lagrangian is invariant under the constant shift π → π + ε. Applying the same method as discussed in Section 2.1, we can derive the Ward identity corresponding to the constant shift symmetry:
where the current is given by
(2.23) Again, the current contains a one-particle pole, as well as remainder terms with at least three fields. Then the remainder function,
satisfies the regularity condition lim q→0 q · R DBI (p 1 , · · · , p n ; q) = 0. Therefore, taking the soft limit of q, the on-shell amplitude can be expressed as
It is clear that Adler's zero is manifest in the Ward identity under the constant shift. However, DBI is an exceptional theory with the enhanced Adler's zero. The RHS of Eq. (2.25) actually starts at O(τ 2 ), but this behavior is not manifest in the Ward identity corresponding to the constant shift. This does not surprise us, as we already know that the enhanced Adler's zero is protected by the invariance of the theory under the enhanced shift [27] 
Unlike the case in NLSM, the Lagrangian is not invariant under the shift, but transforms as
However, the action is still invariant under the enhanced shift. To calculate the current j (µ) ν corresponding to the enhanced shift symmetry so that we have the current conservation condition ∂ ν j (µ) ν = 0, we need to promote the constant θ µ in Eq. (2.26) to a function θ µ (x), and in the end arrive at
However, there is an alternative way to calculate the current: we make a general shift π(x) → π(x) + ε(x) and calculate the variation of the action:
which leads to conservation of the current under the constant shift. As the function ε(x) is completely arbitrary, we can then replace ε(x) with the enhanced shift θ ν (x) x µ − F −4 π∂ µ π , which leads to the relation between the two different currents [27, 52] : 31) where the form of D is given in Eq. (2.27). We have the Ward identity corresponding to the enhanced shift symmetry:
We should stress that we can derive the current directly without using the current relation in Eq. (2.30), by promoting constant θ µ to θ µ (x) and including the change of the Lagrangian in Eq. (2.27). These two methods are equivalent, while we will see that in the Galileon case it is much more convenient to use the current relation instead of calculating the current directly.
We can eliminate the x µ term in Eq. (2.31) so that we do not have derivatives of momentum when we express the Ward identity in terms of on-shell amplitudes. The trick is to combine Eq. (2.32) with the Ward identity under the constant shift, Eq. (2.22), which leads to
where we have contracted another total derivative with the free Lorentz index µ in Eq. (2.31), and contains an additional Lorentz index, so that we can contract an additional total derivative in the Ward identity, which leads to the enhanced soft behavior. Indeed, by performing the LSZ reduction we can calculate the semi-on-shell amplitude of DBI as 35) with the remainder function r µν (p 1 , · · · , p n ; q) given by
Again, as the integrand on the RHS of Eq. (2.36) has at least three fields in it, we have the regularity condition lim q→0 q µ r µν (p 1 , · · · , p n ; q) = 0. Therefore, for momentum q to be soft, we see that the on-shell amplitudes of DBI scalars display enhanced soft behavior: Figure 1 . The terms in the remainder function r µν (p 1 , · · · , p n ; q) of DBI at tree level. The (2n + 1) point vertex with momentum insertion q is connected with semi-on-shell sub-amplitudes, which are represented by blobs.
As we mentioned earlier in Sec. 2.1, at tree level the relation for the semi-on-shell amplitude becomes a Berends-Giele recursion relation. The integral of x on the RHS of Eq. 
where l is a splitting of the non-ordered set {1, 2, · · · , n} into 2k + 1 disjoint non-ordered subsets l 1 , l 2 , · · · , l 2k+1 , and q l m = i∈l m p i . Notice that once we have the Feynman rules, we can directly derive a version of the Berends-Giele recursion relation, which is different from the above. The relation is not unique because it relates off-shell objects, which rely on Feynman rules that can change under field redefinition. In our relation, the vertices V DBI 2k+1 explicitly contains two powers of the off-shell leg, which is an indication of the enhanced soft behavior. Taking the on-shell limit and soft limit for q, Eq. (2.39) becomes
which is the tree level result for the subleading single soft theorem of DBI. Notice that in Eq. (2.40) the terms inside V DBI 2k+1 that are proportional to q 2 have been dropped.
Galileon theory
The Galilean symmetry for scalar theories is defined as the invariance under the shift
where ε and a µ are constants. In the Lagrangian, terms with enough powers of derivatives, for example functions of ∂ µ ∂ ν π, trivially realize the symmetry. However, there are certain nontrivial terms in the Lagrangian with less than two derivatives per field that preserve the shift symmetry. It turns out that for a certain power of π field, this kind of non-trivial term can be fixed up to the overall normalization and total derivatives. The theory with a Lagrangian that completely consists of these non-trivial terms is called the Galileon theory [32] , and the scalars in the theory are known as Galileons. Originally proposed as a modification of gravity, the Galileon theory has been studied in various context, including the soft behavior of its scattering amplitudes. There are many ways to write the terms in the Galileon Lagrangian, which are equivalent up to total derivatives. The useful properties of these terms are reviewed in Appendix A. The form that is particularly convenient to use for our purpose is
where c n are constant coefficients, and we need c 2 = 1 to have a canonically normalized kinetic term. The term L TD n is defined as
where Π µν ≡ ∂ µ ∂ ν π, and (σ) is the signature of the permutation σ.
We will work with d = 4. The first thing to inspect is the Ward identity under the constant shift π → π + ε. When we promote the constant ε to ε(x), the change in the Lagrangian is
up to total derivatives, with
Then the corresponding Ward identity is
We have two powers of total derivatives in Eq. (2.45), but this does not necessarily mean that the amplitudes will have the enhanced Adler's zero. Actually, the term with coefficient c 3 in Eq. (2.45) has two powers of π, which generates a 2-pt vertex with soft momentum injection. When we calculate the remainder function R µν Gal , we will have the so-called "pole diagrams" as shown in Fig. 2 , where the 2-pt vertex is connected to an external leg with momentum p i . Then the propagator connected to this vertex, i/(2 p i · q), will generate a pole in the soft momentum q. Therefore, the regularity condition lim q→0 q µ R µν Gal = 0 is no longer satisfied. We can see that it is exactly the cubic term in the Lagrangian with the coefficient c 3 that spoils the regularity condition. However, due to Galileon duality [53] [54] [55] , c 3 can always · · · q p i Figure 2 .
The "pole diagram" in the remainder function R µν Gal when cubic terms exist in the Lagrangian.
be set to 0 with a field redefinition. This indicates that when c 3 = 0, there are multiple pole diagrams and their contribution in the leading order of the soft momentum must cancel each other in the on-shell amplitude. Such a condition can be viewed as a constraint on the specific form of the Galileon interactions. For simplicity we can just set c 3 = 0. By performing LSZ reduction to the Ward identity given by Eq. (2.46), we can express the semi-on-shell amplitude of the Galileon theory as
The remainder function is given by
which satisfies the regularity condition. Taking the on-shell and soft limit for momentum q, we arrive at the soft theorem of the on-shell amplitude in the Galileon theory:
which shows the enhanced soft behavior explicitly and also gives the subleading single soft limit. Similar to Section 2.2, we can generate Berends-Giele recursion relations at tree level. The terms in Eq. (2.48) with coefficients c 4 and c 5 give the 3-and 4-pt vertices:
51)
At tree level, Eq. (2.47) leads to the Berends-Giele recursion relation: 52) and the single soft theorem at tree level is
The Ward identity corresponding to the full shift symmetry will not give any additional information. As discussed in Section 2.2, we can derive a relation between the current J µ Gal of the constant shift and the current j 54) and the RHS of Eq. (2.54) can indeed be written as a total derivative. Then the Ward identity under the enhanced shift symmetry is 55) which is just Eq. (2.46) multiplied by x ν . Therefore, Eq. (2.46) contains all the information given by the shift symmetry, and as we have shown, it is enough to guarantee the enhanced soft behavior. In general, the Ward identity corresponding to the constant shift is enough for us to see the soft degree s in the theory, unless the enhanced shift has a field dependent component, like that of DBI given by Eq. (2.26). Such a field dependent shift is exactly a feature of exceptional field theories. As classified in Ref. [27] , although the soft degree of the ordinary Galileon theory is non-trivial, it is not exceptional.
Special Galileon
The special Galileon is a special case of the Galileon theory, whose amplitudes vanish faster than the ordinary Galileon theory. Discovered nearly at the same time in different contexts [30, 37] , the hidden symmetry protecting the exceptional soft behavior is soon found to be the symmetry under the enhanced shift [31] π
where θ µν is a constant traceless tensor, namely θ µν g µν = 0. In 4 dimensions, the Lagrangian of special Galileon is given by setting c 3 = c 5 = 0 and c 4 = −1/(12α 2 ) in the Galileon Lagrangian. From Eq. (2.42) we know that
(2.57)
As a special case of the ordinary Galileon theory, we can readily use the results in Section 2.3. For example, the Ward identity for special Galileon under the constant shift π → π + ε is
Eq. (2.58) leads to the same soft behavior given by Section 2.3, namely Eq. (2.49). On surface, these results indicate that the leading single soft behavior of special Galileon amplitudes is at least at O(τ 2 ), where q is the soft momentum. However, the leading single soft contribution of special Galileon is actually at O(τ 3 ). As we discussed in Sec. 2.3, the shift given by Eq. (2.56) is field dependent, thus the corresponding Ward identity contains more information than Eq. (2.58), which is a feature of exceptional theories classified in Ref. [27] . Again, the current j {µν} ρ corresponding to the enhanced shift given by Eq. (2.56) is related to the current J µ sGal of the constant shift symmetry: 60) where the braces {· · · } for the Lorentz indices denote symmetric and traceless operations,
We prove in Appendix A that the RHS of Eq. (2.60) can indeed be written as a total derivative. The Ward identity for special Galileon under the enhanced shift symmetry is: 
63)
64)
Detailed derivation is presented in Appendix A. Because of the existence of the first term in A, the LHS of Eq. (2.62) can never be written as π added by a term with 3 powers of total derivatives. However, the term A will vanish when we take the soft momentum on-shell because of the d'Alembert operator in front of it. On the other hand, the C term will give 4 powers of soft momentum, thus the only relevant term for the leading soft behavior at O(τ 3 ) is B. Eq. (2.62) leads to the following expression for the semi-on-shell amplitude of the special Galileon:
Taking q to be on-shell and soft, we arrive at the enhanced soft behavior of the on-shell amplitude of the special Galileon:
At tree level, Eq. (2.66) leads to the Berends-Giele recursion relation
The leading soft behavior for the on-shell amplitude can be much simplified as we only keep O(τ 3 ) terms and drop the terms with a factor of q 2 :
Like before, here q is the soft momentum, while q l m ≡ i∈l m p i is the sum of a subset of hard external momenta,
The extended theories
In the previous section, we have expressed the subleading single soft limit of tree level amplitudes using semi-on-shell sub-amplitudes, as seen in Eqs. (2.40), (2.53) and (2.71). The subleading single soft theorems of scalar EFTs are first studied in Ref. [39] using the CHY representation of scattering amplitudes. Interestingly, for NLSM and special Galileon, the subleading single soft factor of the theory was expressed as on-shell amplitudes of a different theory, which involves more than one kind of scalars interacting with each other. These theories with mixed scalars were seen as extended version of the original theory emerging from the soft limit. The CHY representation of these extended theories is straightforward, but only gives information of the on-shell amplitudes, while the details of the interaction vertices and the Lagrangian that generate these vertices are hidden. It is not until Ref. [1, 2] presented the subleading single soft limit of NLSM, as discussed in Section 2.1, that the Feynman vertices of the corresponding extended theory are identified. The method of using Ward identities to generate soft theorems is complementary to the approach of Ref. [39] , which helps us take a step further to understanding the nature of the extended theories.
In the following, we will first review the identification of Feynman rules for the extended theory of NLSM. Drawing inspiration from the previous success, we then proceed to identify the interaction vertices of the extended theory of special Galileon, which exhibits a richer structure. Finally, we write down the Lagrangian for the extension of special Galileon.
Extension of the Nonlinear Sigma Model
The NLSM amplitudes considered in Ref. [39] is flavor-ordered; namely, the flavor structure of the on-shell amplitudes is stripped: 4
is the flavor ordered amplitude, and X a is the aforementioned broken generator. Flavor-ordering for amplitudes, as reviewed in Appendix B.1, is more useful when two flavor traces can be merged into a single trace. This can be done in SU (N ) NLSM [29] , which we will consider below. At tree level and after flavor ordering, the Ward identity for on-shell amplitudes of NLSM given by Eq. (2.18) becomes
where I n+1 = {1, 2, · · · , n + 1} is the identity permutation. In the above l is a way to split {1, 2, · · · , n} into 2k + 1 disjoint, ordered subsets {l m−1 + 1, · · · , l m }, with l 0 = 0, l 2k+1 = n and q l j+1 = l j+1 i=l j +1 p i . We have expressed the on-shell amplitude using flavor-ordered semion-shell sub-amplitudes J(σ), and as it is proportional to p n+1 , the Adler's zero is manifest when we take p n+1 → 0.
The subleading single soft theorem derived using the CHY representation, on the other hand, is
where we have taken the soft limit for p n+1 , and s i,j ≡ (p i + p j ) 2 . A review of the CHY representations of various scalar EFTs is presented in Appendix C. Compared with Ref. [39] , 4 The normalization of generators in this work is given by Tr{X
we have added the additional 1/(λf 2 ) factor to match the mass dimensions on both sides of the equation, as a consequence of keeping the coupling constants manifest in the amplitudes. The RHS of the above equation contains the amplitude of the extended theory denoted by NLSM ⊕ φ 3 , which involves both the NGB Σ a and the biadjoint scalar φ aã . 5 Such a theory can also arise in the low-energy limit of Z-theory [56] . The field φ aã furnishes the adjoint representations of two copies of SU (N ) group, so that the index a refers to the SU (N ) under which the NGBs are charged, whileã refers to the second copy of SU (N ), which we will denote as SU (Ñ ). The self-interaction of φ aã is given by a single cubic term in the Lagrangian:
Biadjoint scalars have been discovered to have a simple CHY representation [36] , and can act as a building block for gauge theory and gravity amplitudes [57] . In the extended theory, (α|β) is used to represent the flavor ordering of α for SU (N ) and β for SU (Ñ ), so that (I n |1, n, i) in Eq. 3. Structure of the current entering the odd-pt amplitudes: Odd-pt vertices with three φ, two of which have SU (N ) indices adjacent to each other, are given by
The first observation comes from the fact that φ aã furnishes the adjoint representation of SU (Ñ ), so the interactions should conserve the SU (Ñ ) charge. At the level of the Lagrangian, it is impossible to construct an interaction term with only one φ carrying an SU (Ñ ) index: such a term is not a flavor scalar. This observation then implies that the SU (Ñ ) flavor flow must be continuous in a Feynman diagram. For the tree amplitude M NLSM⊕φ 3 n (I n |1, n, i), we have 3 external φ legs. Therefore, in a certain diagram, there cannot be any vertices with more than three SU (Ñ ) indices. Moreover, there must be exactly one vertex with three φ, while a number of vertices with two φ are needed to connect it with the external legs. As 5 Before this section we follow the common convention of always using π to represent the single scalar in a "pure" theory like NLSM, DBI, and Galileon. In the extended theories we need to discern the difference between NGBs and Galileons, so in the following we will use the convention in Ref. [39] to denote NGBs as Σ, and reserve π exclusively for Galileons.
the SU (N ) indices for two of the external φ legs in M NLSM⊕φ 3 n (I n |1, n, i) are adjacent to each other, it is clear that for the only vertex with three φ, two of them must also have adjacent SU (N ) indices.
On the other hand, the RHS of Eq. (3.2) can be seen as a sum of terms, each being a product of 1) momentum factor s n+1,j with 1 < j < n, 2) 2k + 1 NLSM semi-on-shell amplitudes, and 3) a constant V 2k+1 that depends on j. Diagramatically, each term can be seen as a new odd-point vertex V 2k+1 connected by a number of J(α)
is exactly where the current enters, its form is fixed by the structure, shown in Eq. (2.13), of the current J a µ under the complete shift symmetry. For k = 1, we have to external legs, passing a number of vertices with 2 SU (Ñ ) indices. As the flavor current go through the semi-on-shell amplitudes of NLSM ⊕ φ 3 which have exactly the same form as J(α) in NLSM, we arrive at observation 2. This also implies that the on-shell amplitude M NLSM⊕φ 3 (α|i, j) with two SU (Ñ ) indices are exactly the same as the NLSM amplitude M NLSM (α), which is easy to see in the CHY construction of the extended theory as well [39] . As we know that M NLSM (α) is fixed by the soft constraint, namely the Adler's zero, of the NGBs, M NLSM⊕φ 3 (α|i, j) must also be fixed by such constraints. This implies that even the biadjoint scalars must satisfy some form of shift symmetry when we consider the interactions involved in M NLSM⊕φ 3 (α|i, j). However, such a symmetry is obviously broken by V
NLSM⊕φ 3 2k+1
, as we know that M NLSM⊕φ 3 n (I n |1, n, i) does not vanish when we take the momentum of an external φ to zero. These observations offer hints on how to write down the Lagrangian of the extended theory, which we will see in Section 3.3.
Extension of the special Galileon theory
Similar to NLSM discussed in above, an extended theory was also identified in the single soft theorem of special Galileon in Ref. [39] :
where leg n is the soft leg. Again, we need to add the constant 4λα 2 to compensate for the mass dimension difference between the two sides of the equations. Here sGal ⊕ NLSM 2 ⊕ φ 3 denotes a mixed theory of four different kinds of scalars: the special Galileon π, the NGB Σ a that transforms under group SU (N ), another copy of NGBΣã that transforms under SU (Ñ ), and a biadjoint scalar φ aã that transforms under both SU (N ) and SU (Ñ ). We will use the shorthand notation π+ to denote the extended theory below. The CHY representation of such a theory is given by 8) up to coupling constants that ensure the amplitude having the correct mass dimension. Details about the formula is reviewed in Appendix C, the property of which will be useful in the following. We will denote the number of labels in α/β as f α/β , and the total number of flavor labels f ≡ f α + f β . As before, in the flavor-ordered amplitude M π+ n−1 (a, c, 1|n − 1, d, a), the left ordering is for SU (N ) and the right for SU (Ñ ). An index in both left and right orderings corresponds to a biadjoint scalar. If an index only shows in the left or right ordering, it belongs to an NGB. Indices that do not appear in the orderings come from Galileons. Considering the range of the sums on the RHS of Eq. (3.7), we see that it involves amplitudes of different particle contents. For example, M π+ n−1 (a, n − 1, 1|n − 1, 1, a) contains 3 φ's and n − 4 Galileons, while M π+ n−1 (a, c, 1|n − 1, 1, a) with c = n − 1 involves two φ's, one Σ, oneΣ, and n − 5 Galileons.
The soft theorem derived from the Ward identity, on the other hand, is given by Eq. (2.71):
where we take the soft limit of p n . We need to compare the above equation with Eq. (3.7) to identify the Feynman rules of the extended theory. We start with the lowest point amplitude, expressing the 4-pt amplitude of special Galileon using Eq. (3.9): Going to a higher point amplitude, on the other hand, is far more complicated here compared to the extension of NLSM. One reason is that as we discussed earlier, the RHS of Eq. (3.7) involves several different kinds of amplitudes, each with different particle content. Another reason is that the momentum factors on the RHS of Eq. (3.9) are permutation invariant, while the momentum factors in Eq. (3.7) are not. There can be a momentum factor of (s in ) 2 s jn in Eq. (3.7), but there are no such terms in Eq. (3.9). Apparently momentum conservation needs to be used here, but it is not straightforward to find the correct way to disentangle Eq. (3.9) and identify vertices.
However, there is also much similarity between the extensions of NLSM and special Galileon. For both of the tree level soft theorems derived from the Ward identity, namely Eqs. (3.2) and (3.9), we have some new vertices connected by semi-on-shell amplitudes of the original theory. In other words, the RHS of Eq. (3.9) can be seen as a sum of diagrams of purely special Galileon sub-diagrams connected by a new 3-or 5-pt vertex. In each of such diagrams, only one of the vertices has a Feynman rule different from that of special Galileon.
Another observation is that in the soft theorem given by the CHY formalism, new flavor indices arise in both the extensions of NLSM and special Galileon. As argued in the last section, there cannot be any vertex carrying only one flavor index of a certain group, so that there is a unique sub-diagram connecting the three external new flavor indices in the amplitudes involved in the NLSM single soft theorem. In the extension of the NLSM, the vertex where the three new flavor flows intersect is precisely the new vertex given by the current J a µ . In the case of special Galileon, there are two groups of new flavor indices, then for each group there should exist a unique sub-diagram connecting the three external flavor indices. As we see from Eq. (3.12), the cubic vertex of biadjoint scalars exists in the amplitudes of special Galileon extension. This naturally leads us to conjecture that the two groups of external flavor flows in Eq. (3.7) converge at the same vertex, which comes from the current under the enhanced shift symmetry -more precisely, the B term in Eq. (2.62). 6 Then all other vertices in the diagrams contain 0 or 2 indices for each of the two copies of SU (N ), and the Feynman rules for these vertices are exactly the same as the Feynman rules for special Galileon.
In summary, the above arguments lead to the following conjectures for vertices with at most 6 flavor indices, which are needed to construct the amplitudes M π+ (a, c, 1|n − 1, d, a) on the RHS of Eq. (3.7):
1. The total number of flavor indices of a vertex, f , must be even.
2. The allowed vertices with f = 2 are Σ 2 π 2 andΣ 2 π 2 , the Feynman rules of which are the same as the one for the π 4 vertex.
4. The allowed vertices with f = 6 are φ 3 , φ 3 π 2 , ΣΣφ 2 π, and Σ 2Σ2 φ.
Just like the case in NLSM, the first three conjectures above ensure that a semi-on-shell π+ amplitude with f α/β = 2 is exactly the same as the semi-on-shell amplitudes with f α/β = 0, which can also be seen clearly in the CHY formula. The fourth observation implies that apart from V 1, 2, 3|1, 4, 5) . Therefore, we can write Eq. (3.7) in terms of the unknown vertices and semi-on-shell amplitudes, so that Eq. (3.9) can impose constraints on these unknown vertices. Moreover, the flavor-ordered objects satisfy some most general constraints, e.g. by definition they are invariant under a cyclic permutation of the indices. An additional constraint for flavor-ordered objects with 3 ordering indices is that we always get a minus sign when we reverse the ordering, e.g.
This is because we are considering the adjoint representation where the generator (T a ) bc = −if abc , so that the flavor factor with three indices, Tr{T a T b T c } = −Tr{T c T b T a }, is already fully anti-symmetric. Another constraint, which comes from the CHY formula Eq. (3.8), is that the flavor-ordered objects should stay the same when the left and right indices are exchanged, e.g.
The above relations also hold for flavor-ordered vertices and semi-on-shell amplitudes. The last observation is that in principle we can have a CP odd term like ε µνρσ p Unlike the case of the NLSM extension, even after imposing all constraints discussed above, we still cannot fix all of the unknown vertices using Eqs. (3.7) and (3.9). The details of deriving the constraints on the vertices imposed by the Ward identity are shown in Appendix D. We are able to confirm the form of V The difference of these two solutions is cancelled out in the sum of amplitudes on the RHS of Eq. (3.7) . However, the different choices of vertices are not equivalent: the above two solutions apparently give different results for the 5-pt amplitude M π+ 5 (1, 2, 5|3, 4, 5). Therefore, unlike in NLSM and its extension, where different parameterizations of the Lagrangian can be equivalent and lead to the same on-shell amplitudes (an example of the NLSM extension is given in Ref. [2] ), the difference here cannot be explained by unfixed parameterization of the NGB fields involved. Therefore, we need even more constraints to fix the Feynman vertices. It turns out that the constraints that we need come from the soft behavior of the extended theory. If we impose that for the amplitudes in the extended theory, the leading single soft behavior for Σ orΣ is at O(τ ), and the leading single soft behavior of the Galileon π is at O(τ 2 ), one can completely fix the vertices to be given by Eqs. (3.16) and (3.17) . Such soft behaviors can also be easily proved using the CHY formula, therefore can be seen as another kind of constraint imposed by Eq. (3.8) that we need to consider.
In summary, just like the extension of NLSM, we have found the unique forms of local interactions in the extension of special Galileon. For both cases, apart from the results of the Ward identity, we have utilized two kinds of additional constraints. The first kind is about the ordering of the vertices, such as Eq. (3.13). The flavor ordering happens because there is some unbroken linearly realized symmetry, thus the constraining the vertices using its ordering property is equivalent to imposing the unbroken symmetry. The second kind of constraint is about the soft behavior of the amplitude, and we know that such behavior is protected by some nonlinearly realized shift symmetry. Therefore, by fixing the Feynman rules of the extended theory, we have recognized the existence of both linear and nonlinear symmetries in the extended theories.
The Lagrangian of the extended theories
Given the Feynman rules discussed in the previous sections, we now write down a Lagrangian that generates the vertices we need. Attempts for NLSM ⊕ φ 3 have been made before in Ref. [58] , which presented the Lagrangian in terms of alternative variables obscuring the Bose symmetry. Here we try to write down the Lagrangian using traditional variables, so that we can easily discover the symmetries implied. As the theory NLSM ⊕ φ 3 is clearly part of the theory π+, we directly write down the Lagrangian for the full theory π+, which contains flavorless π, Σ in the adjoint of SU (N ),Σ in the adjoint of SU (Ñ ) and φ in the adjoint of SU (N ) × SU (Ñ ). We can write the Lagrangian for the full theory as follows:
where we call L Σ , L π and L φ as the "NG sector", the "Galileon sector" and the "cubic sector", respectively. When we set π = 0 andΣ = 0, L π + is reduced to the Lagrangian of NLSM ⊕ φ 3 . The NG sector is given by
where U (x) is a function of matrix x satisfying [U (x)] −1 = U (−x) as well as U (0) = 1, Ψ ± ≡ φ ± Σ, and
As reviewed in Appendix B.3, when we set φ = 0, L Σ will give the 2-derivative NLSM Lagrangian of Σ a andΣã under a general parameterization. For the exponential parameterization corresponding to the infrared construction of NLSM presented in Section 2.1, we have U (x) = e x . If we recognize δ ab / √ N 2 − 1 as the properly normalized U (N ) generator that corresponds to the U (1) subgroup, we see that Eq. (3.20) contains actually the 2-derivative Lagrangian of two copies of NLSM, both coming from a coset like H × H/H reviewed in Appendix B.2: one copy has H = SU (N ) × U (Ñ ), while the other has H = U (N ) × SU (Ñ ). We already know that the NLSM Lagrangian satisfies the shift symmetry, and from the observation 2 discussed in Section 3.1, we know that the even-pt interactions with two φ in NLSM ⊕ φ 3 also need to satisfy such a symmetry. We see clearly how this is realized in L Σ : φ becomes the NGB of SU (N ) × U (Ñ ) NLSM. Such a construction ensures that for a v-pt vertex with f α = v and f β = 2, the Feynman rule is exactly the same as a vertex with f α = v and f β = 0. This means that we have all the even-pt vertices we need for NLSM ⊕ φ 3 .
The Galileon sector is given by 24) where
Here we have promoted π to Φ in the interaction term in L sGal . This is the single trace multifield Galileon vertex discussed in Ref. [27] . It generates the pure special Galileon interaction, and also ensures that a vertex with f α/β = 2 is the same as a vertex with f α/β = 0. Therefore, we have all the even-pt vertices we need for π+.
One may be tempted to write L Σ as below: The way to write down the cubic sector, which contains all the odd-pt vertices that we need, is less intuitive. Let us first consider the odd-pt vertices we need in NLSM ⊕ φ 3 . It is known that when we take an NGB in M (I 2n+1 |1, 2n + 1, i) to be soft, the amplitude still vanishes [39] . In other words, Adler's zero condition is still satisfied for the NGB's in such an amplitude. As reviewed in Appendix B.2, this means that we need to construct objects using U (Σ), adding φ to it to break the shift symmetry. As the coset associated with the symmetry breaking that results in the NGBs, H × H/H with H = SU (N ), is a symmetric coset, the interaction should also be invariant under Σ → −Σ. The simplest term we can write down that satisfies all of the above is 27) where h.c. means hermitian conjugation. Eq. (3.27) already gives the correct coefficients of the odd-pt vertices with 3 φ in the exponential parameterization of NLSM ⊕ φ 3 , up to an overall real constant factor. However, such a term fails to give the correct vertices in Cayley parameterization discussed in Appendix B.3. The term that works for both the exponential and Cayley parameterizations turns out to be
In the exponential parameterization, the above includes the interaction terms 29) up to an overall constant, which give the Feynman vertices in Eq. (3.5). On the other hand, we only have a limited number of odd-pt vertices appearing in the single soft theorem of special Galileon, so we can just list all the corresponding operators in the Lagrangian. In the end, we can write L φ as
Notice that when we exchange Σ withΣ in the above, the component Σ contained in Ψ ± ≡ φ ± Σ needs to be exchanged withΣ as well.
The Lagrangian L π+ that we write down also introduces lots of new interaction vertices that do not enter the amplitudes involved in the single soft theorems of NLSM and special Galileon amplitudes. Nevertheless, one can already see that most of the extra terms do not enter the CHY formula given by Eq. (3.8): they contain such a high power of momenta that they can only act as higher order corrections to Eq. (3.8). More specifically, Eq. (3.8) contains m = 2(3 + n − f ) powers of momenta, the details about which is discussed in Appendix C. Let us define the "weight" w ≡ (m/2) + f − n, so that w = 3 is a constant in Eq. (3.8). 7 Such a definition for the weight can also be applied for vertices and diagrams. It turns out that the weight of a diagram cannot be decreased by adding new vertices to it. Then a term in L Σ like φ 4 Σ 2 with a weight of w = 5 can never enter Eq. (3.8): it has too many powers of momenta.
For example, let us consider the amplitude M π+ 6 (I 6 |3, 4, 5, 6) calculated in Ref. [39] , which has m = −2, f = 10 and n = 6, thus w = 3. An example of the diagrams contributed to such an amplitude is given by Fig. 4 , which involves φ 3 and φ 2 Σ 2 vertices that also appear in the single soft theorem of NLSM. The φ 4 Σ 2 vertex in L Σ with m = 2 is clearly a higher order correction to such an amplitude, therefore do not enter the CHY formula.
It can be checked that the only vertex that 1) appears in L π+ , 2) does not appear in the soft limit of NLSM or special Galileon, and 3) has a power of momenta low enough to enter Eq. (3.8) is the Σ 2Σ2 vertex in L π . Such a vertex needs to exist to guarantee that M π+ n (i, j|k, l) = M sGal n . 7 The existence of such a "weight" is hinting flavor-kinematics duality, as we are putting momentum and flavor on equal footing. 
Conclusion and discussions
In this work we presented the subleading single soft limit of several scalar EFTs. In particular, the on-shell amplitudes of NLSM, DBI and special Galileon possess non-trivial single soft limits, which are known to be related to the underlying shift symmetry of the theories. We performed a systematic analysis of these theories using quantum field-theoretic methods, by deriving the Ward identities associated with the shift symmetry. We showed that the (enhanced) Adler's zero of these theories is a direct consequence of the Ward identities. Moreover, we went one step beyond the (enhanced) Adler's zero and derived the subleading single soft limit of these theories.
By reviewing the Ward identity and subleading single soft theorem of NLSM, we showed that the key ingredient in our method is the complete form of the nonlinear shift. For the theory of DBI scalars, we derived the Ward identities for both the constant shift and the enhanced shift symmetry, and showed explicitly that only in the latter is the enhanced Adler's zero explicit. At tree level, we obtained novel Berends-Giele recursion relations, and expressed the soft limit of an on-shell amplitude as semi-on-shell sub-amplitudes connected by a new vertex proportional to two powers of the soft momentum. A similar treatment of the ordinary Galileon theory led to the conclusion that the Ward identity of the constant shift is enough to protect the enhanced soft behavior, so that the soft behavior of Galileon theory is not exceptional. On the other hand, the Ward identity for the full nonlinear shift of the special Galileon theory is indeed necessary to ensure its exceptional soft behavior. Tree level results where the enhanced soft behavior becomes explicit were also presented for both the ordinary and the special Galileon theory.
A well-established result proved using the amplitude method is that there are no exceptional scalar theories with the single soft limit of O(τ s ), where s ≥ 4 [27] . It would be interesting to see how such a constraint can emerge at the Lagrangian level. From the story of ordinary Galileon, we may conjecture that a scalar theory is only exceptional if its full soft behavior is protected by a nonlinear shift symmetry beyond the simple constant shift, i.e. if its O(τ s ) soft behavior can only become transparent when we derive the Ward identity corresponding to an enhanced shift symmetry. We leave such a conjecture for future examination.
Our tree level results of the subleading single soft theorems of NLSM and special Galileon provided us with a handle to study the properties of the emergent extended theories discovered using the CHY formalism. We reviewed how the Feynman vertices of the extension of NLSM were identified. For the extension of the special Galileon theory, the identification of the Feynman vertices is far more complicated, and it is useful to apply the lessons learned from studying the extension of NLSM so that we could take an educated guess of the flavor structure in the relevant amplitudes. Additional input of the CHY formula is also needed to completely fix the relevant vertices. The bottom line is that for both the extensions of NLSM and the special Galileon theory, we are able to find unique solutions 8 of the relevant interactions using the ordering property as well as the soft behavior of the amplitudes, which imply the linear and non-linear symmetry of the underlying theory, respectively.
We then presented the full Lagrangian L π+ = L Σ + L π + L φ of the extended theory of special Galileon. The form of L Σ and L π is hinting that (enhanced) shift symmetry is governing all kinds of scalar fields involved, even including the biadjoint scalars. On the other hand, whether the Lagrangian L π+ is complete or not is still an open question. From the perspective of symmetry, there may be better ways to write the O(p 4 ) terms in L φ . We have written the O(p 0 ) terms in a way that manifests the underlying shift symmetry of the NGBs, using objects like U (Σ) and U (Ψ ± ) as building blocks. As we know that M π+ n−1 (a, c, 1|n−1, d, a) also displays enhanced soft behavior when a Galileon is taken to be soft, we should also be able to write the O(p 4 ) terms in a way that shows the underlying symmetry that is protecting such a behavior. From the perspective of the CHY representation, it remains to be seen whether L π+ provides all the necessary vertices that enter the existing CHY formulae. Apart from the single trace formulae presented in Ref. [39] , the latest development [59] also shows the CHY formulae for multi-trace terms in NLSM ⊕ φ 3 , with many examples for the low-pt amplitudes in the theory. It will be interesting to compare L π+ with both the multi-trace results and those of the Z-theory [56, 59] .
A more general question that is related to the discussion above is what the guiding principle is when we write down L π+ . Recently a much discussed topic is using operators to transform the amplitudes of one theory to another [60] [61] [62] , which manifests color/flavor-kinematic duality. It is not clear how one should realize it at the level of Lagrangian. Promoting π to Φ in L π is a clear example, but it is still an open question how the exact form of O(p 0 ) term in L φ is generalized from the NLSM Lagrangian and the cubic interaction of φ.
Another pressing question is why different kinds of shift symmetry are present within the same theory π+. Is there a way to unify the symmetries? One thing that is clear is that the emergent mixed theory has its origin in flavor-kinematics duality, similar to the well-known color-kinematics duality seen in amplitudes of gauge theory and gravity [63] . More work needs to be done to see how such duality arises in the Lagrangian. For example, the representation for NLSM ⊕ φ 3 as well as special Galileon in Refs. [58, 59, 64] makes the duality manifest using alternative variables, and it would be helpful if such a representation can also be found for the full extended theory π+.
There are also more scalar theories with non-trivial shift symmetries [65] , and we do not know whether they have extensions or not. One can certainly derive Ward identities corresponding to the shift symmetries, but it remains to be seen whether we can interpret the results as the amplitudes of some extended theories. Moreover, in Ref. [39] there are other extended theories that arise from amplitudes of fermionic and vector fields, both related to the Born-Infeld action. Our method of deriving Ward identities may be generalized beyond scalar EFTs to study these extended theories as well. One apparent starting point is to single out the scalar sector of the extended DBI and compare with the Ward identity of DBI presented in this work.
Apart from the extended theories, another direction worth exploring is the quantum aspects of the soft theorems. Loop corrections may affect the relations between the scalar EFTs and their extensions. Also, we have always assumed that the classical symmetry survives quantization in our treatment. Although this can be set as a constraint for the EFTs, how it is realized is a nontrivial matter. It is well-known that Wess-Zumino-Witten terms [66, 67] arise as a consequence of anomalies in NLSM. It would be interesting to see how they can be generated using the infrared construction of NLSM, without recourse to current algebra. It is also unknown how to recover the higher derivative corrections of NLSM using pure amplitude methods. Recent works [59, 68, 69] present interesting single trace results, while NGB interactions at four derivative level clearly contains double trace contributions. On the other hand, with the tools at hand we can study the soft limit of the NGB interactions beyond the two derivative Lagrangian, and the four derivative terms have important phenomenological applications for the study of the Higgs boson in new physics models [70, 71] . Scalar EFTs also appear in a wide range of models of cosmology, and the shift symmetry in these models leads to important observable effects [72] . Our Ward identities corresponding to the shift symmetry may provide new insights for this line of research.
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A Useful Properties of the Galileon Lagrangian
The interaction terms in the Lagrangian of the Galileon theory have less than two derivatives per field, and can be written as [32] 
where the symmetric tensor T µν is given by Eq. (2.43):
Because of the anti-symmetry given by (σ), ∂ µ T µν n = 0, and in d dimensions T µν n = 0 when n > d. T n satisfies a useful recursion relation:
Notice that L TD n can be written as a total derivative because of the anti-symmetry:
n+1 transforms as
Namely, the variation of the Lagrangian is a total derivative, so that the theory is invariant under the shift. An equivalent way to write L
n+1 , which is more convenient for our purpose, is [73, 74] 
It is easy to check that because of the two total derivatives of L TD n , under the shift the variation of L (2) n+1 can still be written as a total derivative:
Therefore, the Lagrangian in Eq. (2.42) transforms as 10) and the Galilean symmetry is preserved.
Using the properties discussed above, one can prove that the RHS of Eq. (2.60) can indeed be written as a total derivative. We know that
where the operator ← → ∂ is defined as a ← → ∂ b ≡ a∂b − b∂a. From Eq. (A.3) we know that
As we work in 4 dimensions, the LHS of Eq. (A.12) vanishes when n > 4. Then
B Various aspects of NLSM
In this section we review the flavor ordering of NLSM, the construction of the NLSM Lagrangian with the coset of H × H/H, and different parameterizations of such a Lagrangian.
B.1 Flavor ordering
The vertices from the general two derivative Lagrangian of NLSM, given by Eq. (2.7), can be written as [1, 2]
where σ is a permutation of {1, 2, · · · , 2n − 1}, σ(2n) ≡ 2n and σ(2n + k) ≡ σ(k). Generators we need to identify that T i ab = −if iab [43] , where f iab = −iTr{T i [X a , X b ]} is the structure constant of G. The coset also need to be symmetric, so that [X a ,
It can be proved that the flavor ordered amplitudes can also be defined. However, in general the relation between the flavor ordered vertices and the amplitudes is non-trivial and G dependent. The case becomes simpler when two traces of X a can be merged into a single trace, so that we can directly use the flavor-ordered Feynman vertices to construct diagrams. The well-studied example is for the coset of SU (N ) L × SU (N ) R /SU (N ) V [29] , where the space expanded by X a is isomorphic to the space expanded by T i , so that the completeness relation of the adjoint of SU (N ) group can be applied to merge traces:
where A and B are products of generators. In an amplitude the disconnected term on the RHS of the above equation will drop out. This can be understood as the consequence of U (1) decoupling in the U (N ) NLSM, which also ensures that the U (N ) NLSM considered in Ref. [39] has the same amplitudes as SU (N ) NLSM.
B.2 NLSM of coset H × H/H
For the symmetric coset H L × H R /H V where H L = H R = H V = H, the coset space is isomorphic to the space of group H. Such a property can be used to construct the NLSM Lagrangian. An element in the unbroken diagonal group H V can be parameterized using
, where g L/R are elements of H L/R , and g L = g R . Then the global transformation of U under the broken group H L × H R is given by
where V L/R are transformation matrices of H L/R . As the transformation is linear, the two derivative Lagrangian can simply be written as
We need to write U using the exponential map of H V , which is parameterized by the NGBs:
where (T a ) bc = −if abc are the generators of H V . We see that the NGBs π a are in the adjoint representation of H V .
B.3 Parameterization of U (N ) NLSM
In the NLSM Lagrangian, in general we can redefine π → π + O(π 2 ), which will change the form of the Lagrangian and the Feynman rules, but not the amplitudes. In other words, we can have different ways to parameterize the NGBs, which does not change the physics. The parameterization in Eq. (B.5) is commonly referred to as the "exponential parameterization"; the infrared construction of NLSM discussed in Section 2.1 also leads to such a parameterization. It was noticed early on that for H V = U (N ), a group of general parameterizations is given by [75] 
where the coefficients a k are arbitrary as long as the resulting U is unitary. Namely, the function U satisfies [U (x)] −1 = U (−x), and the constraint on the coefficients a k is n k=0 a k a n−k (−1)
for n > 0, with a 0 ≡ 1. The above constraint is non-trivial for an even n. The exponential parameterization corresponds to a k = 1/k!. The Cayley parameterization, which is also often used, is given by the function
so that a k = 2 1−k . Such a parameterization leads to the very simple flavor-ordered Feynman rules of NLSM:
which enables us to derive the subleading single and triple soft theorems of NLSM by directly evaluating the Feynman diagrams [2] . In the extended theory NLSM ⊕ φ 3 under Cayley parameterization, the odd-pt vertices with three φ is given by
C Review of CHY formulae for scalar EFTs
The Cachazo-He-Yuan formalism can be applied to write down the tree-level amplitudes of a variety of single-parameter theories, including the scalar EFTs discussed in this paper. In general, the amplitude for a scalar theory is written as
where p denotes the on-shell momenta, and the integral is on the dimensionless variables σ i satisfying the scattering equation
contains 2(3−n) powers of momenta. The integrands I L and I R vary among different theories. The theories we need to consider are the biadjoint φ 3 theory, NLSM, special Galileon and the extensions of these theories. The building blocks include the Parke-Taylor factor
where ω is the ordering of the flavor indices; and the Pfaffian of the anti-symmetric matrix
PfA n contains n powers of momenta.
The most general single trace amplitude written using these ingredients is
which is the extended theory π+ where particles of labels within α ∩ β are biadjoint scalars, those in α ∩β orᾱ ∩ β are NGBs Σ orΣ, and those inᾱ ∩β are special Galileons. The power of momenta in such an amplitude is given by m = 2(3 + n − f α − f β ), where f α/β are the number of labels in α/β. It is understood that (Pf Aᾱ) ≡ 1 whenᾱ = ∅, or f α = n. When f α < n but f β = n, Eq. (C.6) is reduced to the amplitude of the extended theory of NLSM:
Here we see that NLSM ⊕ φ 3 is naturally part of the full theory π+. When f α = f β = n, Eq. (C.6) becomes an amplitude of pure biadjoint scalars:
If we remove the ordering β, Eq. (C.6) needs to be modified to
which is an amplitude with special Galileons interacting with NGBs. The reduced Pfaffian is defined as Pf
n , where A The last thing we can construct is an amplitude with no flavor labels, which is the pure special Galileon amplitude
with m = 2(n − 1) powers of momenta. The flavor-ordered amplitudes presented above are all single-trace ones. Recently Ref. [59] proposed the CHY formulae for multi-trace amplitudes in NLSM ⊕ φ 3 . Those amplitudes do not appear in the subleading single soft theorem of NLSM, but they certainly offer more consistency checks for the Lagrangian we write down in Section 3.3, which we leave for future work. It should also be understood that the above representation only gives the kinematic and flavor structure of an amplitude; it does not contain information like the coupling strength, thus may not give an amplitude of correct mass dimension in our convention of only stripping the dimensionless flavor structure when writing down flavor-ordered amplitudes. An amplitude of n external scalars should have a mass dimension of 4 − n, which in general does not agree with the m values presented above.
D Identification of Feynman vertices for the extension of special Galileon
The Ward identity corresponding to the enhanced shift symmetry of special Galileon leads to the soft theorem given by Eq. (3.9), on the RHS of which we see products of three or five semi-on-shell sub-amplitudes. Below we will use the following shorthand notation to show these terms:
where m = 3, 5. The soft theorem given by the CHY formalism, on the other hand, is Eq. (3.7), on the RHS of which we have amplitudes of three different kinds of particle content. We now write these amplitudes using the conjectures given in Section 3.2. The first kind of amplitude has 3 φ's and n − 4 Galileons: where the sum over l : C means summing over ways to devide {1, 2, · · · , n−1} into m disjoint, non-ordered subsets that satisfies condition C, and C 3 (a, b, c) = {a ∈ l 1 , b ∈ l 2 , c ∈ l 3 }. The where C 4 1 (a, b, c, d) = {a ∈ l 1 , b ∈ l 2 , {c, d} ⊂ l 3 }, C 4 2 (a, b, c, d) = {a ∈ l 1 , b ∈ l 2 , c ∈ l 3 , d ∈ l 4 }, and the three terms come from the three diagrams shown in Fig. 6 . The third kind of amplitude has one φ, two Σ's, twoΣ's, and n − 6 Galileons: where C 5 1 (a, b, c, d, e) = {a ∈ l 1 , {b, c} ⊂ l 2 , {d, e} ⊂ l 3 }, C 5 2 (a, b, c, d, e) = {a ∈ l 1 , {b, c} ⊂ l 2 , d ∈ l 3 , e ∈ l 4 }, C 5 3 (a, b, c, d, e) = {a ∈ l 1 , b ∈ l 2 , c ∈ l 3 , d ∈ l 4 , e ∈ l 5 }, and the four terms come from the four diagrams shown in Fig. 7 . We use double dashed lines to represent φ, and solid lines to represent the special Galileon π. The blobs represent semi-on-shell sub-amplitudes. We omit the external π lines.
We now express the RHS of Eq. (3.7) using the three kinds of amplitudes discussed is not an independent constraint either, so that the only useful constraints are Then we have some freedom to choose the specific form of the vertices. The two set of solutions presented in Section 3.2 are examples satisfying the above constraints.
